
1- 1 .

-

-

d[dependentrariab
④ d[ independent variable] .nonlin①
Type - Ordinary Differential Equation (Adath

contains only ordinary derivatives of one or
more dependent van .

with respect to a single independent
war .

Partial Different Equation
involve the partial derivatives of one or moredependent

ear



partial derivative
' -

j
"

ucx, g) = ✗45 -

¥4,1M = d¥→÷= 2×+0=2✗

"÷÷÷÷:÷::÷÷÷÷÷
depends on ✗ Onlf

¥y -¥ = &¥,?DE
-

a. v : dependent van .

u depends onX
, D

✓ depends on ✗ Go far?



Ordered -1 . order of the eq . is the order of
the highest -order at the equation .

¥, - d¥µ = ✗ . ← 2nd order ODE .

I *

first order second order

☒
- (d¥)②=→✗+h

" is Power , not derivative .

du
← 1st order DDE .

A F
first order first

order

same idea applies for P.DE as well .



t-N-eaaneq-h.atLinearity - Linear . not linear .

ancx)dd"§-n + an-d×)dI¥, + - - -
-+ AIN ✗

+ AIDY =gap
I

-

Ito

function in termof✗ (na) -1h derivative . function .

① .

No power of y and derivative of y greater
than I

.

↳ y
'
+✗ = o linear ' ( y

"

)'t y
'

- ✗ = 0 hontlinear

② no product of yd¥
each coefficient depends on only the independent
variable ✗ .

↳ An
.

An-11×7
,
-

-

; A. 1×1, Aol are coefficients.
they only dependent on✗



y
= e
>✗
+ toe
"
is a to d1a× -2g =e

"

✗ pits

↳
d¥=3e3×+ zoezx

=

LHS → 308×-120 e
"
-2@
"
+we
") = ⑤2) e

" -11202010€
= 1. e3✗¥7
=p
"

identity:(Its =RHS
.

*
. this is how you verify soln to d.e.



Types of solutions :

Trivial solution : when g=0
is a solar for d. e.

Explicit solution : when soln can be written as y=fcx)

Implicit solution
: when soln can only be written as GO.ly)=o

↳ ex : ✗4- ✗5- y=2✗

y -1×+02 is a solar for d.e.ly/)2-4y--o for CEIR .

particular solution : Y -1×+25 [c--2) or y=Ñcc=o)

singular solution : Y -O c singular and trivial solution

you can not obtain this from y=cxtc5"

y
-1×+4

"

and there is only one of them .

Y=c is a Sdn for given d. e. :fc=o
.- - -

-
-
-
- -

-
-
-
- - - g- - - - y :O



General (complete ) Sohn : this applies to linear d.e.

0 For example

Y=e× + c) is a general solution forde.

y
'

-y -✗e×=0
.

In fact, all solutions look
like it .

So It is general and complete .

a

② For example
Y = § +1

Is a general solution for
de

.

⇐ É✗ Y
'
+y =L .

y=É"
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HW : sect .li

1,3
,

5
,
11,13 ,15 ,

21,35
,

49
.



2-7separable-tquat.com#
Methodology of solving

1st - order eg
(simplest)

-TÉ
If 82×3 Is continuous

Then 1st - order d¥=gc×) canbe solve by integration

Y = fglx)dx= Glx) -1C

Gcx) is an antiderivative of 91×7 .

e-g- d=µeZ×→ y=f ate"Tdx= ✗+ Ie"+c .

÷× = sin ✗→ y = fsinxdx = - cos ✗ +c.



observe that

hey] d¥ = 91×1
.

hly ) dy ÷ gad dx

S hap dy = fgcx) dx



e.9 .

solve Cltxdy - ydx =o

Dividing by 4-1×39 ,

↳ %÷d¥
s↳ jdjt =fd¥×
lnlyt.lu IHXI + C .

Y = e
In 14×1 -1C

= e
↳ It✗ t.ec

solution
=/ 1-1×1 .ec

= I City) e
'
= C

,
Ctx?Y=G



e.g. solve . d¥ = - Ey
multiplying ydx , we can

write .

ydy ÷ - ✗DX
S ↳ gydy = f- ✗ d✗

y2
2-

=
- Iz + C

⇐ ✗7- is:c
'

eg .
solve Initial

- Value problem d¥= - § ,
Y (4)=3

when 4=4,9--3 ⇒ 16+9--25=0

⇒ This EVP determines ring! zs .

"

-5



Tflosingasolutionn
The method for separable equations

can give us a
solution
,

but it may not give us
all the solutions .

To illustrate this
.

consider the eq : d¥ =y¥ .

(a) Use the method of separation of variables
to show that

y = (¥ + C)
3"

is a solution.

213
Indeed . dy

dividing y
's =d×⇒J¥;=fdx ⇒ ¥, y = Xtc ,

⇒ y = -1125×+2-3 c.)
%

= 1=12×-3+43
"

(b) Given 7-UP d¥=yÉ yco) = 0 .

show that for c-o the solution y= (¥) for ✗
20

satisfies thisIVP.gr#2Is+ePk=yo=yug=PY-+cjh--cYEo--c.Y--(21113+0)%2=(2×13)%2 ✗30



(c) Now show YEO also satisfies the initial value problem, in part (b).

Hence, IVP does not have
a unique solution .

yl EO

dy
☒

= Y¥ = o±=o.

yco) = ( o)
}

= 0

(d) Finau , show that
the condition of the (existence and uniqueness

theorem are not satisfied .

¥y=§gCy± ) = toy
-
"

= Eyes
since ¥y is not continuous when y=o ,

there is

no rectangle , containing
the point 10.07 , in

which both

f and ¥y , are continuous .
Therefore , the -1hm

does not

☒plply to this IVP .







Homework

2.2 . : 1. 3. 5. 7.9.11 .

1 ?
' 5

.

1-11
.

43 . 45



2- 3 Homogeneous Eq :

-

-

f-IX.D= ✗2-3×9+592

f- Ctx , -197=4×7-34×7 lty)
-15495=-14×13×9+55)
f- .

= tifcx.gl.
tctx. -197 :-(fix . y ) . f-ix. y) homogeneous function .

of degree z

glxtix.ly) = 94 > Y)
. gexiy) homogeneous functions of

degree E.= -1° gcx.gl
= 1- gcxy )
n-gcx.gl .



fcx.ly)= ✗Tidy -12×-11 .

fax . -197=4×5-1 (tx)
( tg ) -121-1×1+1 .

= -141-+5×9+2ex -11 .

* title , g) = -14×4×9 -12×+1)
= -5×4 tiny-125×+5 -

t-tfcx.ly/=-iX4txy+zex--L .

flay# titchy) for any real
number n

.

they) is Not a homogeneous function.



May) →
homogenous

N-cx.gl →%Tgme
-

City) DX + ydy = 0 .

Manda

MÉÑ=tMt✗.y)
.

NC-F.eyt.tk/cx.y? degree 1
.

homogeneous eg .

City) DX 1- ✗yay ⇒
w

Mtx, -197=-41111471 . Ntxiey) = -1441×-97.

degree =\ degree -_2
.



solv-ingahomogeneousD-b.substi-ut.myeither y orT
where u and ✓ are new dependent variables .

will reduce the eq to
a sepa first order DE

Q : Which one should we choose ? y
-
- ux or ✗ =VX?

An : Mex + Ndy = 0
-

His simple ⇒
✗= Vy

µ is simpler
⇒ Y = ux

\



Example : ( X- y)d¥+Idy=0 .

Nay ) looks simpler . Use y=④
- dy=XdutUdX

(✗ - ux ) DX + ✗
( Xduthdx)=0 . Case produce rule?

✗ dx
+ Fda -1*1=0. u=¥

✗" "
"" " "

(
"" "" ¥" "

✗ dx=Ñdh
- ✗ land __ YTCX

- ¥dX= du '

y= -✗ lunlxl -CX.

f- f- DX =/ du .

☐
- Lnlxl = Utc .



(X-yjdxtXdy-o.ifwereplacey-vy@idx-vdY-ydV.V-_§
"" """""

{
" """" ""

cry - g) Lvdytytdv> + cry )dY
-0

.
= - I -1¥!

Cry#tvydy-lvy-yydv-o.my/---Y--ln1E1v-ydy-Lvy~-yJdv-o. + c.

v-ydy=(YZVYYDV .

¥g☒= -laid -14%1
= -
law#

Judy-_¥dV
.

+ c

= - land-1C

Jtydg =) '¥dv .

1- = -lulxltc



NICK b)DX -1 NIX, g) dy = 0.

÷=-"¥¥→=-¥¥%?¥→÷÷⇒_
✗ d¥=y+✗ed" ,

ya ) = 1
.

y=u✗

w!
d¥= f- + em

= u + eh
.dy-ttdx-xduu-i.ie#--x+e" .é¥¥÷×%

✗ day, = e
"
.

| ✗my--1f e-
"
du do - e-

'
= Otc

- e-
"
= lunate

.

C- -é
' ÉÉ¥×



☒ da¥=¥ -1¥ -11 . ¥=u .

y=u×

✗-1×1=9--4-1%+1 . d1a×=u+×dEx.
✗ ¥×= -1¥

"¥
.=⇐⇐/*÷÷÷÷÷Y¥u : EdX .

JY¥i¥ñdnf±d×
-

U - narctanlt.=
lnlxtc



Solve ✗ d¥=ytxe¥×
.
ya)=1

✗dy - lytxe
""
)dX=o.

Max ,ty)=ty-txe-YHE-ly-xekj-t.MN/.y)NCtx.ty)--tX=tNlX.Y) both degree 1
.

y=u✗.

u=¥ dy-- xdutudx ⇒ ¥=xd¥ +u

I¥=¥+¥e¥É
- é¥+c= In 1×1

✗¥×tu= ut Ee
"

7=1
,

-1=1
.

✗d¥= tee
" | ⇒ -e-

'
+c=ln1=0

e-udu = c= e-
'

I e-
"

du =f¥dx _e-¥_n







2. 5 linear Equation

.





.

# making sure
the form

is correct before

choosing PCX)
.





df-dtpixly-flxl-esphddxy-fesptdd-fcx.de
+

÷÷÷÷÷







Example : y
'

+ ⇐an ×)y= cost , yw)= -1

* make sure you
check if the given d. e is linear . It is a good habit .

equation is already
in the standard form .

PCH Tan✗

Stan ☒d.☒ =/ §¥×dx let u
-
- cos ✗ du = - sinxdx

= ! - Edu÷÷÷÷÷.*⇒:÷::÷"÷÷:÷:: We can drop the constant
C

= - In ful
= - In / cos ✗1.

← because it'll only give us another

=

1¥ ' 9) = ¥05K

fd÷× - y =/cosxdx

¥ Y = sin ✗ + c

y = cos✗ (sinx-c)

= cos✗ stnx + c.
c→X

Since Y 107=-1, -1=030 sin
Otc→so = C ,

C = - l

so
, Y = sinxcosx

- cosx on the interval _¥<x<¥_←Why ?



given d.e. is defined here.
I t →

note that yt-tanxy-e.ws '× 11 I 71C I 71C I 11>

tune is de find whenever 003×1=0 -3¥
-Iz o E- 3¥

since the i.up
we are given includes x=o

,

we choose

interval C- ¥ , ¥) . So whenever ✗c- 1¥ ,É ) , the solution

we have is the
solution to d.e.



Example ( simple version) : ✗ 1×-2) y
'
+ zy=o

this is not in standard form]

Y'+×¥, y=o ( standard form)
and I.F. ①

5¥21 d✗

Italian decomposition

×¥z, = + ¥-2 → 2=11-1×-2) + Bx when 11=2 2=213, By

70-0 Zi-2A,A=- l

=
- ¥ -1¥

= eh
/ ¥1
@
In 1×-21

So, I.F.
is eS¥-⇒d×= eft

+ ¥2 DX
, e-

In /✗I -114×-21

It will always simplify
to

= ¥ , 1×-21=1 I
[¥(IF -g) = IF

- fix]
so , ✗1×-219429=0 become ( /¥1 - y) = 0

fd /¥19 = fodx

I 1. y = c

y=cl¥d=ñ¥



2.4. Exact Equations



total differential
shows up

in Cate

if z=fcx,g) then

total diff . is

dZ=¥×d✗+¥ydy
✗- A

partial derivative off
with respect to ✗ andy

we need to find

fcxiy) such that

¥×=MHH¥g=M×



IYILXIY ) IN (Xiy )

example : (5×+44) dx +(4×-893)dy --0
¥
Exact since My

--4 = N✗= 4 .

We need to find f-IX.y) such that fx=M, fy=N

( this step is
different from checking it given

de . Is exact )
.

! If f-✗ = Ah, then f- = Sfxdx =/Mdx

so f = 55×-17 = 5¥ +4y×tClyj
any term which onlyintegrate with respect

to ✗ so that y
like depends on y will be

a constant
"constant term

"

since

+ is a function with

two variables .



② f- = 5¥ -14b$ +49) and fg=N

ty = 0 + 4×-1 C' 191
= 4×-855

.

= µ

so c
'

ly) = -893 and we need -10 finally?

( ly)=/ C' (g) dy
= f-8y3dy= -2g

" -1C

7- this is
constant .

③ solution 5×2
2-
-149×-294+0=0

J
this constant can be computed if

we have
IVP Cintial value problem)



Example : IZYZX - 3)DX = (29×7-4) dy

what N to do : 129% - 3) DX = 124×2-1 4)dy
¥ Tv

my
--496 = 14--49×-0 exact d.e. !

What to do : 1294
- 3)dx - Czyxtt 4) dy :O

(292×-3) DX +1-29×14 )dy=0
¥ ¥

My
-

-4×9--1 Nx = -4×9 → Not Exact de!





f. to Bernoulli Equation



←

this is not
a linear eg .

Is a linear
d.e

←

this

the answer will contain W . you
"

must
"

change w

to yt
"
at the end .



do not memorize the equation (3) but rather , the process of solving
Bernoulli de


